Counting of States in Higgs Theories by Hertzberg, Mark P. & Jain, Mudit
Counting of States in Higgs Theories
Mark P. Hertzberg∗ and Mudit Jain†
Institute of Cosmology, Department of Physics and Astronomy, Tufts University, Medford, MA 02155, USA
We enumerate the micro-states in Higgs theories, addressing (i) the number of vacuum states and (ii) the
appropriate measure in the quantum path integral. To address (i) we explicitly construct the set of ground state
wave-functionals in the field basis focussing on scalar modes θ(x). Firstly, we show that in the limit in which
the gauge coupling is zero, we obtain an infinite set of degenerate ground states at large volume distinguished
by θ(x)→ θ(x)+ θ0, spontaneously breaking the global symmetry, as is well known. We then show that at
finite gauge coupling there is a unique ground state at large volume since the wave-functional only depends
on ∇θ in the IR, and we explain this at the level of the Lagrangian. Since gauge fields fall off exponentially
from sources there are no conserved charges or symmetries in the Higgs phase; so the Higgs mechanism is the
removal of symmetry from the theory. We show how physical features of defects, such as cosmic strings in the
abelian Higgs model, are best understood in this context. Since there is a unique ground state, we address (ii)
whether the path integral is a volume measure for the radial Higgs field DρρN−1 from the N components of the
Higgs multiplet, or a line measure Dρ as the N−1 would-be Goldstones can be removed in unitary gauge. We
prove that the need to avoid quartic divergences demands a tower of counter terms that resum to exactly give
the volume measure. So the size of the Hilbert space in the zero gauge coupling case and finite gauge coupling
case are in one-to-one correspondence, despite the degeneracy of the ground state being lifted in the latter. As
a cosmological application, we point out that the volume measure can make it exponentially more unlikely in
N(= 4) for the Standard Model Higgs to relax to the electroweak vacuum in the early universe.
I. INTRODUCTION
An important discovery in fundamental physics was that
of the Higgs particle [1, 2], which completes the Standard
Model. Without the Higgs particle, the Standard Model would
violate unitarity at energies well above the electroweak scale.
The presence of the Higgs provides better UV behavior, allow-
ing the Standard Model to make sense up to much higher ener-
gies. Interestingly, at temperatures well above the electroweak
scale O(100)GeV the particles of the Standard Model are
massless. Furthermore, there is an associated set of symme-
tries which become manifest. In particular, we know that in-
teracting massless spin 1 particles, must be coupled to exactly
conserved charges, which by the Noether theorem are asso-
ciated with symmetries. At lower temperatures, these parti-
cles become massive due to interesting dynamics of the Higgs.
This affects the symmetry structure in dramatic ways and will
be examined rigorously in this paper.
Our primary interest is the Higgs mechanism in the Stan-
dard Model of particle physics. Here the full gauge group
SU(3)c × SU(2)L ×U(1)Y is linearly realized at high tem-
peratures. Then, due to the Higgs acquiring a non-zero vac-
uum expectation value (VEV), only the reduced gauge group
SU(3)c×U(1)em is linearly realized at low temperatures. The
physical consequences can be stated more directly as follows:
the 3 massless spin 1 particlesW1,2,3 associated with the group
SU(2)L at high temperatures become 3 massive spin 1 parti-
clesW±,Z at low temperatures, while fermions acquire a mass
too. Beyond the Standard Model, there can be Higgs mech-
anisms associated with other gauge groups. One interesting
possibility is associated with grand unification, such as SU(5)
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[3] or SO(10) [4], etc, whose larger set of massless spin 1 par-
ticles become massive at temperatures well below the grand
unification scale. Another possibility is associated with vari-
ous hidden sector gauge groups, which are suggested by ideas
in fundamental physics, including string theory and models of
dark matter, etc, which may be associated with other Higgs
sectors. Furthermore, within condensed matter physics, the
phenomenon of superconductivity is associated with the pho-
ton ofU(1)em acquiring a mass at very low temperatures. This
superconductivity example carries some of the physics rele-
vant to elementary particle physics, despite the latter being
expanded around the Lorentz invariant vacuum. In fact we
will study the (Lorentz invariant) abelian U(1) example often
in this paper to illustrate the underlying physics in the simplest
possible setting.
Now it is usually stated that the Higgs mechanism is respon-
sible for the “spontaneous breaking” of symmetries at low
temperatures. The definition of spontaneous symmetry break-
ing (SSB) is that the theory is invariant under some symmetry
Sˆ, but the ground state (or the low temperature phase) of the
theory is not, i.e., Sˆ|vac〉= |vac′〉, where |vac′〉 6= |vac〉. While
this is certainly true for some systems, such as ferromagnets,
which spontaneously break rotational symmetry, it is rather
unclear that this is correct for the Higgs mechanism where we
need to deal with “gauge symmetries”. For one thing, con-
sider the so-called “small-gauge” transformations associated
with functions α(x) that vanish at spatial infinity. These are
not in fact actual symmetries but are merely redundancies in
the mathematical description and can be entirely removed by
gauge fixing. Hence they can never be spontaneously bro-
ken since all states in a theory are trivially invariant under a
small-gauge transformation |ψ′〉 = |ψ〉 (modulo an unimpor-
tant phase), including the vacuum. This is summarized by the
so-called Elitzur’s theorem [5]. We will see this again later in
this paper.
So the interesting and non-trivial issue to focus on is the
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2fate of actual symmetries in a gauge theory. These are al-
ways associated with functions α(x) that are non-vanishing
at infinity. The central example is when α(x) is a constant.
This is a “global” transformation, and is a sub-group of the
full gauge group. These are sometimes referred to as “global-
gauge” transformations. (In the limit in which we send the
gauge coupling to zero, these are ordinary global transforma-
tions.) If the Higgs has not acquired a VEV and so there are
only massless spin 1 particles, these global transformations do
in fact take generic states to different states |ψ′〉 6= |ψ〉 (at least
for weakly coupled theories). However the vacuum itself is
invariant under this symmetry transformation. (The vacuum
may not be invariant under other symmetry transformations,
such as the so-called “large-gauge” transformations, in which
α(x) is non-vanishing at infinity but also non-constant; we will
return to these later in the paper.)
The important question then is: are the global symmetries
spontaneously broken in the Higgs phase? The answer does
not seem obvious (and is not addressed by Elitzur’s theorem
[5]). These are real symmetries at high temperatures in the
regular phase (associated with conserved charges), but appear
to be hidden at low temperatures. But does it mean these sym-
metries were spontaneously broken and there are many dis-
tinct vacua, or could it be that these symmetries were removed
altogether from the theory and there is a unique vacuum? The
answer to this question does not arise trivially from claiming
that gauge symmetry is only a redundancy, as this is ordinarily
only true of the small-gauge transformations. For the fate of
global symmetries, it requires a clear computation of the set
of micro-states of the theory; we shall do this systematically
in this paper. In particular, we will (i) explicitly count the vac-
uum states of the theory by finding the set of states |vac〉 that
are orthogonal to one another. We will also (ii) count all the
states in the Hilbert space by identifying the correct measure
on the quantum path integral.
There has been a long discussion in the literature on the
topic of SSB in the context of gauge theories. This includes
Refs. [6–15] and references therein. While there is broad
agreement on the physical character of the Higgs mechanism
and the resulting predictions for experiment, there does re-
main some confusion on the important issue of whether SSB
in gauge theories is physical or just nomenclature. In partic-
ular, there does not appear to be a direct computation of the
overlap wave-function between ground states, and the asso-
ciated complete characterization of the interpolation between
the global and gauge cases. This overlap is the precise quan-
tity required to sharply address the question of SSB, and will
be performed explicitly in this paper (among other items).
To calculate this (i) we will construct the ground state wave-
functionals in the theory in the field basis. To work with a
solvable system; we take the Higgs to be heavy, and so it
can be taken to be frozen at its VEV v, as it has suppressed
fluctuations. For the abelian U(1) Higgs model, this leaves
a truncated theory with only a quadratic Lagrangian in the
transverse and longitudinal modes of a single spin 1 particle
(for simplicity we ignore fermions, though their inclusion is
straightforward). The longitudinal mode can be examined in
various gauges, such as in Coulomb gauge ∇ ·A= 0 in which
we must track a would-be Goldstone boson θ(x), or in uni-
tary gauge θ(x) = 0 in which we must track the longitudinal
part of the vector potential AL(x) directly. We show explicitly
that in any gauge the ground state wave-functional is trivially
invariant under small-gauge transformations, in accord with
Elitzur’s theorem. More interestingly, we then consider global
transformations. We show that if the gauge coupling g is set
to zero, we obtain a family of orthogonal ground state wave-
functionals in the large volume limit and so there is SSB. Con-
versely, for finite gauge coupling, we obtain a unique ground
state wave-functional in the large volume limit and so there is
no SSB. We also show that for finite volume, there is a smooth
transition between these limiting cases as we change the gauge
coupling away from zero. In particular, so long as the spin
1 particle’s Compton wavelength λC = 2pi/m = 2pi/(gv) is
much bigger than the size of the system, we have SSB, but
when it is much smaller than the size of the system, we have
no SSB, and when it is comparable to the size of the system,
we have partial SSB.
In order to explain these results, we consider the struc-
ture of the global symmetry operator Sˆ. In the quantum the-
ory it is associated with a conserved charge operator Qˆ as
Sˆ = exp
(
i Qˆθ0
)
. If the gauge coupling is taken to zero, we
note there is a good conserved charge. However, for finite
gauge-coupling the situation is more complicated. Recall that
in a gauge theory, the charge Q is given by a closed surface
integral of the electric field Q=
∮
dS ·E. For massless spin 1
particles, the electric field falls off as 1/r2 from point sources,
leading to a conserved charge and a global symmetry. In fact
there is a family of other charges defined at spatial infinity
associated with large-gauge symmetries. However, when the
spin 1 particle acquires a mass by the Higgs mechanism, the
electric field falls off exponentially from point sources and so
these charges are zero when the surface is taken to infinity
and we show they are time dependent for finite surfaces. So
there are no good conserved charges and no global (or large-
gauge) symmetries. Hence the Higgs mechanism is in fact the
removal of conserved charges and symmetries from the the-
ory, rather than the spontaneous breakdown. By identifying
canonically normalized fields, we also show this clearly at the
level of the Lagrangian.
An interesting issue then is how to understand the exis-
tence and structure of defects, which are often thought to arise
from SSB. For example, in the abelian U(1) Higgs model, it
is known that cosmic string solutions exist, and are usually
ascribed to a phase-field that winds around the central axis of
the string continuously varying from one vacuum to another.
While this is the correct picture in the limit in which the gauge
coupling is taken to zero, we explain that the basic properties
of these cosmic strings at finite gauge coupling are best un-
derstood in terms of fields relaxing to a unique vacuum.
Another interesting issue is (ii) to count the full set of
states in the theory beyond the vacuum states. In particular,
since there is a unique vacuum and since in unitary gauge the
would-be Goldstone modes θ(x) are removed from the theory,
one might wonder what should be the measure on the quan-
tum path integral. Should it be a volume measure DρρN−1,
for the N components of the Higgs multiplet, as it is in the
3global case, or should it be a line measure Dρ since the angu-
lar modes can be removed? By demanding that the theory is
renormalizable, we prove that it is in fact the volume measure.
This shows that in a definite sense the size of the Hilbert space
in the global and gauge cases is in fact the same; it is simply
that a symmetry gets removed in the gauge case.
An important application is to cosmology. We review the
well known idea that the Higgs potential of the Standard
Model turns over and becomes negative at very high ener-
gies, perhaps around E ∼ 1011 GeV, or so, depending on pa-
rameters. We then utilize the volume measure to estimate the
probability that the Higgs began on the favorable side of the
potential in the early universe in order to roll down to our
electroweak vacuum. We find that it is exponentially unlikely.
However, this should be understood more carefully in the con-
text of inflation, reheating, etc, which we comment on briefly.
Our paper is organized as follows: In Section II we con-
struct the Lagrangian for the vector and scalar modes in a
simple Higgs model. In Section III we explicitly compute the
ground state wave-functional(s). In Section IV we determine
the number of vacua, comparing global to gauge cases. In
Section V we examine whether the global transformations are
real or redundant. In Section VI we discuss the spectrum of
the theory. In Section VII we discuss the behavior of charges
in the two phases. In Section VIII we extend our results to
non-abelian theories. In Section IX we discuss large-gauge
transformations. In Section X we discuss properties of de-
fects. In Section XI we derive the measure on the quantum
path integral. In Section XII we apply this to the Standard
Model Higgs in the very early universe. Finally, in Section
XIII we present an outlook.
II. SIMPLE HIGGS THEORY
Our interest is in general Higgs theories, which may in-
volve some non-abelian gauge groups. In the Standard Model
this involves the non-abelian gauge group SU(2)L ×U(1)Y
at high temperatures (with the residual gauge group U(1)em
at low temperatures). A complete analysis of this would in-
volve the full treatment of the 3 massless bosons associated
with SU(2)L, which include self-interactions. However, this
involves additional complications that are not essential for the
main issues of state counting that we wish to analyze in this
paper. Instead we will focus on a simple version of the Higgs
mechanism, which involves the abelian gauge group U(1) at
high temperatures (with no residual group at low tempera-
tures); see Section VIII for the non-abelian case. This in fact
is an accurate description of superconductivity, and will high-
light the important features of the Higgs in general settings.
Consider then a collection of identical spin 1 particles,
“photons”, that are massless at high temperatures. To describe
their features in a local way, we organize them into a vec-
tor field Aµ, with associated field strength Fµν = ∂µAν−∂νAµ.
Since massless spin 1 particles have only 2 (transverse) po-
larizations, we must ensure that 2 of the 4 components of Aµ
are unphysical. This is readily achieved by making A0 non-
dynamical and by making another component redundant, i.e.,
by introducing a “gauge symmetry”. We minimally couple
this field to a complex scalar φ in the standard way with the
following Lagrangian density (units ~= c= 1, signature + - -
-)
L =−1
4
FµνFµν+ |Dµφ|2−V (|φ|), (1)
where the covariant derivative is
Dµ = ∂µ− igAµ, (2)
and g is the gauge coupling. The complex scalar φ implements
the Higgs mechanism. It is assumed to have a potential of the
form
V (|φ|) =−µ2|φ|2 +λ|φ|4, (3)
where we have truncated all operators at the dimension 4 level
(we will return to this issue in Section XII when we exam-
ine the potential more carefully). Note that the form of the
Lagrangian density is unchanged under the familiar abelian
gauge transformations with parameter α
Aµ→ Aµ+∂µα, (4)
φ→ φeigα. (5)
If α is a constant, this is a global transformation and will be
studied very carefully in this paper; if α is non-constant and
has support at infinity, this is a large-gauge transformation and
will be studied briefly in this paper; if α is non-constant and
vanishes at infinity, this is a small-gauge transformation and
is merely a redundancy.
In the regular phase µ2 < 0 leading to a minimum at φ= 0.
In the Higgs phase µ2 > 0 leading to a minimum at φ 6= 0. To
expand around the non-zero minimum in the Higgs phase, it is
useful to decompose the field in terms of polar variables, with
radial field ρ and phase θ as
φ(x) =
1√
2
ρ(x)eiθ(x). (6)
Re-writing the Lagrangian density in terms of these polar vari-
ables gives
L =−1
4
FµνFµν+
1
2
(∂µρ)2 +
1
2
ρ2(gAµ−∂µθ)2−V (ρ), (7)
and the corresponding potential for the radial field ρ is
V (ρ) =−1
2
µ2ρ2 +
1
4
λρ4. (8)
Focussing on the Higgs phase with µ2 > 0, the minimum
energy configuration occurs at the VEV ρ0 = v = µ/
√
λ. We
expand the radial Higgs field around this as
ρ(x) = v+h(x), (9)
and we refer to h as the Higgs field, with associated quanta
“Higgs particles”. This expansion leads to a Lagrangian den-
sity that decomposes into several pieces as follows
L = LAµ,θ+Lh+Lint, (10)
4where
LAµ,θ =−
1
4
FµνFµν+
v2
2
(gAµ−∂µθ)2, (11)
Lh =
1
2
(∂µh)2− 12 λv
2 h2, (12)
Lint =
1
2
(2vh+h2)(gAµ−∂µθ)2−λvh3− 14λh
4. (13)
Here LAµ,θ is the quadratic kinetic term for the photon and the
would-be Goldstone θ, Lh is the quadratic kinetic term for the
Higgs, and Lint is the cubic and quartic interaction terms.
Note that the spin 1 mass and the Higgs mass are
mA = gv, (14)
mh =
√
2λv. (15)
On the one hand, these are both set by the VEV v. On the other
hand, they are parametrically different from one another, since
the former is proportional to the gauge coupling g and the
latter is proportional to the (square-root of) self-coupling λ.
Hence we can consider a situation in which the Higgs is some-
what heavier than the spin 1 particle (in the Standard Model
the measured mass of the Higgs mh ≈ 125 GeV [16] is only
a little heavier than the W boson mW ≈ 80 GeV [17]). In this
situation it suffices to consider the Higgs effectively frozen at
its VEV, ignoring the back-reaction from its fluctuations. This
means that the interaction terms can be ignored, and we can
focus on the quadratic kinetic term LAµ,θ for the purpose of
understanding the symmetry structure of the theory. This is
precisely what makes the abelian U(1) Higgs model so sim-
ple. In non-abelian cases, we would further need to consider
interactions among the spin 1 particles. However we believe
all our qualitative conclusions carry over to these more com-
plicated situations.
Now an important feature of any unitary theory is that the
time component of the vector potential A0 is non-dynamical.
By varying the above action with respect to A0 we obtain the
local version of Gauss’ law
∇ ·E=−∇2A0−∇ · A˙=−gv2(gA0− θ˙). (16)
We can use this to solve for A0. Since the reduced theory
LAµ,θ is quadratic, we can diagonalize the theory in k-space.
We define the spatial Fourier transform of a function f as
fk(t)≡
∫
d3xeik·x f (x, t). (17)
Then the solution for A0k is
A0k =
ik · A˙k+gv2 θ˙k
ω2k
, (18)
where the dispersion relation is
ωk =
√
k2 +g2 v2, (19)
with k ≡ |k|.
Having eliminated A0, there are 4 dynamical fields remain-
ing in LAµ,θ, namely A1,A2,A3,θ. However there are only 3
physical degrees of freedom as there is a gauge redundancy
between them. For these 3 physical degrees of freedom, it is
useful to isolate the 2 transverse vector modes, and the 1 lon-
gitudinal scalar mode. To do so we define a transverse vector
ATk and a longitudinal scalar A
L
k as
ATk = Ak− kˆ(kˆ ·Ak), (20)
ALk = i kˆ ·Ak, (21)
where kˆ≡ k/k is a unit vector in the k-direction.
By using the solution for A0 in k-space, we find that the
Lagrangian for the transverse (T) and longitudinal (L) modes
decouples and can be written as
LAµ,θ =
∫ d3k
(2pi)3
(LT,k+LL,k) , (22)
where
LT,k =
1
2
|A˙Tk |2−
1
2
ω2k |ATk |2, (23)
LL,k =
v2
2ω2k
|gA˙Lk+ k θ˙k|2−
v2
2
|gALk+ kθk|2. (24)
Note that this Lagrangian is invariant under the (local)
gauge transformations Eqs. (4, 5), since the fields transform
as
ATk → ATk , (25)
ALk→ ALk− kαk, (26)
θk→ θk+gαk, (27)
which trivially leaves LT unchanged and also leaves LL un-
changed as gALk+ kθk→ gALk+ kθk. It will be useful to ana-
lyze this theory in various gauges, especially unitary gauge
θk = 0 and Coulomb gauge ALk = 0 in which the form of
Eq. (24) appears quite different.
III. GROUND STATEWAVE-FUNCTIONAL(S)
Among other things, we will be interested in the ground
state of the theory. Since the above theory is quadratic, it is
really a set of harmonic oscillators, whose ground state wave-
function are Gaussians. To make the structure even clearer,
let us pass to the Hamiltonian. It again decouples into a trans-
verse (T) and longitudinal (L) piece as
HAµ,θ = HT +HL, (28)
where
HT =
∫ d3k
(2pi)3
[
1
2
|~ΠTk |2 +
1
2
ω2k |ATk |2
]
, (29)
HL =
∫ d3k
(2pi)3
[
ω2k
2v2
|ΠLk|2 +
v2
2
|gALk+ kθk|2
]
, (30)
with momentum conjugates
~ΠTk = A˙
T∗
k , (31)
ΠLk =
v2
ω2k
(gA˙Lk+ k θ˙k)
∗. (32)
5Since the Hamiltonian is additive in the transverse and longi-
tudinal modes, the ground state wave-functional Ψ factorizes
as
Ψ(Aµ,θ) =ΨT (ATk )ΨL(A
L
k,θk). (33)
Now recall that for a single harmonic oscillator with stan-
dard Hamiltonian H = p2/(2m)+mω2 x2/2, the ground state
wave-function in the x-basis is ψ(x) ∝ exp
(−mωx2). Simi-
larly we can determine the ground state wave-functionals for
the above Hamiltonians in the field basis to be
ΨT (ATk ) ∝ exp
[
−1
2
∫ d3k
(2pi)3
ωk |ATk |2
]
, (34)
ΨL(ALk,θk) ∝ exp
[
−1
2
∫ d3k
(2pi)3
v2
ωk
|gALk+ kθk|2
]
. (35)
Since it is not important, we will not explicitly report on the
normalization factors here, but they can be readily determined,
and our final results will properly include this.
Note that under (local) small-gauge transformations
Eqs. (25, 26, 27), the ground state wave-functional is left ex-
actly invariant (in fact it does not even pick up a phase). This
is trivially expected, as all states in a theory are invariant un-
der (local) small-gauge transformations (modulo an unimpor-
tant phase), as these are mere redundancies in the description.
This is in accord with Elitzur’s theorem [5].
The non-trivial issue is the behavior of the ground state
wave-functionals under a global transformation. In this case
we should take the function α(x) to be a constant. How-
ever, understanding its behavior is somewhat confusing in k-
space. This is because in k-space, we would formally have
αk ∝ δ3(k), meaning we have to be extremely careful about
the infrared behavior of modes.
So in order to regulate the infrared in a clear fashion, it is
useful to define the theory in a box of volume V and study
the ground state wave-functional in position space. To il-
lustrate the idea, it is convenient (though not necessary) to
pick a gauge. In unitary gauge θ= 0 and the wave-functional
ΨL appears to obviously only have a unique vacuum centered
around 〈AL〉= 0. On the other hand, the situation is less clear
in Coulomb gauge AL = 0, since it may appear that there is a
family of vacua labelled by different choices of 〈θ〉= θ0.
So to address this confusion, let us proceed to operate in
Coulomb gauge, and compute ΨL in position space. Starting
with Eq. (35) we Fourier transform and the wave-function is
readily found to be
ΨL(θ) ∝ exp
[
−1
2
∫
V
d3x
∫
V
d3x′ θ(x)Mε(x−x′)θ(x′)
]
,
(36)
where Mε is the following kernel
Mε(r) = v2
∫ d3k
(2pi)3
k2
ωk
e−ik·r e−kε. (37)
Here ε is a UV regulator that we take towards zero at the end
of the computation in order to have well defined quantitites.
If the field theory is defined on the lattice, then ε roughly sets
the lattice spacing.
For a compact angular variable, we should in fact sum this
wave-functional to obtain the total wave-functional Ψ˜L as
Ψ˜L(θ) =∑
n
ΨL(θ+2pin), (38)
for integers n to ensure periodicity under θ→ θ+2pin.
IV. NUMBER OF VACUA
We wish to determine if there are in fact many ground state
wave-functionals. Under a global transformation, θ(x) gets
shifted by a constant as
θ(x)→ θ(x)+θ0. (39)
Such a transformation definitely leaves the Lagrangian and in-
deed the Hamiltonian unchanged. Hence this transforms the
above ground state wave-functional to another ground state
wave-functional
Ψ(Aµ,θ)→Ψ′(Aµ,θ) =Ψ(Aµ,θ+θ0). (40)
However we must be careful to check if this is really a new
state or if it is just a re-writing of the old state. To check,
we need to compute the overlap between the original vacuum
|vac〉 and the transformed vacuum |vac′〉
〈vac|vac′〉=
∫
DθΨ˜L(θ)Ψ˜L(θ+θ0)∫
DθΨ˜L(θ)Ψ˜L(θ)
, (41)
where we have divided out by the appropriate normalization
factor and we have suppressed the integral over the transverse
modes as this trivially cancels out. Since the wave-functional
is a Gaussian Eq. (36), this overlap integral is straightforward
to carry out and leads to a Gaussian in θ0, namely
〈vac|vac′〉 ∝∑
n
exp
[
−1
4
(θ0 +2pin)2 V
∫
V
d3rMε(r)
]
. (42)
We have simplified the argument of the exponential by switch-
ing from x and x′ to center of mass co-ordinates, integrated
over the the center of mass co-ordinate (x+ x′)/2 giving the
volume factor V , leaving an integral over the relative co-
ordinate r= x−x′.
Note that if
∫
V d
3rMε(r) was a constant, independent of V ,
then Eq. (42) would say that the overlap between the origi-
nal state and the transformed state is exponentially small in
the volume of space. Hence we recover the well known idea
that SSB in a quantum theory is a large volume effect, since
〈vac|vac′〉 → 0 in the large volume limit. In fact if we were
studying a double well potential, and we were comparing the
overlap between states built on each of the wells, we would
indeed find this was the case.
However we now need to study the integral
∫
V d
3rMε(r)
carefully in the case at hand. This integral can be determined
in the following way. The factor of k2 in Eq. (37) can be pulled
out by acting with the Laplacian on a related kernel J as fol-
lows
Mε(r) =−∇2Jε(r), (43)
6where
Jε(r) = v2
∫ d3k
(2pi)3
1
ωk
e−ik·r e−kε. (44)
Using Eq. (19) for the dispersion relation ωk allows this
Fourier transform to be computed explicitly. For r ε, we
find it is
Jε(r) =
gv3K1(gvr)
2pi2 r
, r ε, (45)
where K1 is the modified Bessel function of the second kind
of order 1. Inserting Eq. (43) into Eq. (42) and using the di-
vergence theorem allows us to express the argument of the
exponent as the following boundary term
〈vac|vac′〉 ∝∑
n
exp
[
1
4
(θ0 +2pin)2 V
∮
dS ·∇Jε
]
, (46)
where dS is an infinitesimal area vector on the boundary of
the spatial region. Note that since this is a boundary term, so
long as the size of the boundary is much greater than our UV
cutoff ε, we can simply use the r ε result in Eq. (45).
We can evaluate this explicitly by taking the spatial region
to be a sphere of radius R. Carrying out the integral, taking
ε→ 0, computing the derivative of J, and writing out the nor-
malization factor explicitly, leads to an important result
〈vac|vac′〉= ∑n exp
[− 23 (θ0 +2pin)2 g2 v4R4K2(gvR)]
∑n exp
[− 23 (2pin)2 g2 v4R4K2(gvR)] ,
(47)
where K2 is the modified Bessel function of the second kind
of order 2. This result can be re-written in terms of the elliptic
theta function of order 3, but we suppress those details here.
The behavior is shown in Fig. 1.
We can analyze this overlap in two important cases depend-
ing on the Compton wavelength of the massive spin 1 particle
λC =
2pi
mA
=
2pi
gv
. (48)
Case (a) is when λC is much larger than R, and case (b) is
when λC is much smaller than R. In these two limits, the value
of the modified Bessel function is very different. In case (a)
K2(x)→ 2/x2 leading to the overlap being exponentially small
〈vac|vac′〉= e−4θ20 v2 R2/3, λC R, (49)
where we have used the fact that the n = 0 term dominates
when the argument here is large. This behavior is seen
in the left region of Fig. 1. While in case (b) K2(x) →√
pi/(2x) exp(−x) leading to the overlap rapidly approaching
unity
〈vac|vac′〉= 1, λC R, (50)
(the correction from 1 is in fact doubly exponentially small at
large R). This behavior is seen in the right region of Fig. 1.
Case (a) is that of an ordinary global theory, obtained by
sending the gauge coupling g to zero. In this limit λC → ∞,
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FIG. 1. The value of the ground state overlap 〈vac|vac′〉 as a function
of radius R (in units of λC = 2pi/mA = 2pi/(gv)) according to the
result in Eq. (47). We have set g= 0.3 and θ0 = pi/4 here.
guaranteeing that any finite size sphere trivially satisfies λC
R. We see that the overlap goes to zero as an exponential in
R2. This is not as fast as an exponential fall off with volume
V ∼ R3, but is still rather fast. Hence this recovers the well
known idea that in an un-gauged field theory, with a global
shift symmetry θ(x)→ θ(x)+ θ0, there is an orthogonal set
of vacua labelled by different values of 〈θ〉 = θ0 in the large
volume limit; which is SSB.
On the other hand, case (b) is that of an ordinary gauge
theory with finite gauge coupling g. ForW and Z bosons in the
Standard Model, the Compton wavelength is λC ∼ 10−17 m.
So as long as one is considering spatial regions of size much
bigger than 10−17 m, which is usually the case, then we are in
this regime. Here the behavior is radically different. Instead of
the overlap wave-functional approaching zero exponentially
fast, it approaches one exponentially fast. This means that in
the large volume regime, all these wave-functionals are in fact
the same. This means there is only a single unique vacuum
and no SSB.
We note that the overlap result in Eq. (47) provides a
smooth interpolation between these limiting cases. There is at
least one situation in which this full result may be important.
Instead of heavy W and Z bosons, consider the photon itself.
Now it is likely that the photon is strictly massless, but we do
not know for sure. A claimed observational bound on the pho-
ton mass is mγ . 10−26 eV from galactic magnetic fields [18]
(though the validity of this bound can be debated [19]). Sup-
pose the photon does indeed have a non-zero mass near this
upper bound. This corresponds to a very large Compton wave-
length of λC ∼ kpc. So if we are interested in physics on scales
much larger than ∼ kpc, then there is only a unique vacuum
(right region of Fig. 1). However, if we focus on physics on
scales ∼ kpc, then there is effectively many degenerate vacua
(middle-left region of Fig. 1). This is similar to the case of
having an ultra-light scalar, where depending on the regime of
7interest, either it is sitting at its true unique vacuum or it may
be displaced away from its true vacuum and could be sitting
at one of many other effectively degenerate vacua.
V. REAL OR REDUNDANT TRANSFORMATION?
Above we showed that at finite gauge coupling, there is
no SSB in the large volume regime. We can understand this
further by re-examining the kernel M(r) that determines the
ground state wave-functional. Since the physics at large vol-
ume is controlled by small wave-numbers, we can gain some
understanding by Taylor expanding the factor k2/ωk around
k = 0 as
k2
ωk
=
k2
mA
− k
4
2m3A
+ . . . . (51)
By interchanging the order of summation and integration, we
can readily compute M(r) as a series expansion. The nth
term will be proportional to the 2nth derivative of the delta-
function, i.e.,
M(r) =− v
2
mA
[
∇2δ3(r)+
∇4δ3(r)
2m2A
+ . . .
]
. (52)
This is related to the above exact result for the kernel; since
the kernel is a modified Bessel function, it is large near r→ 0,
but is exponentially small as r→ ∞, which is similar to the
structure of the delta-function. By inserting this into the wave-
functional in Eq. (36), integrating by parts, and integrating
over x′ using the delta-function, we obtain
ΨL(θ)∝ exp
[
− v
2
2mA
∫
d3x
[
(∇θ)2− (∇
2θ)2
2m2A
+ . . .
]]
. (53)
We have implicitly taken the box size to infinity here in order
to integrate by parts and throw away all boundary terms.
In this limit we see that the wave-functional is really only
a function of ∇θ and not θ. Therefore it is trivially invariant
under the transformation θ(x)→ θ(x)+θ0. This indicates that
such transformation are really just pure gauge transformations
(redundancies) in the gauged Higgs phase, even though they
are real (global) transformations in the regular phase and in
the un-gauged Higgs phase.
In fact we can understand this further by returning to
the classical Lagrangian density for the longitudinal modes
Eq. (24). Again let us operate in Coulomb gauge AL = 0.
Then let us re-write the Lagrangian density back in position
space. Since there are complicated powers of wavenumber k,
we need to utilize some formal operations involving inverse
powers of Laplacians, etc, as follows
LL =
v2
2
∇θ˙
1
−∇2 +g2 v2∇θ˙−
v2
2
(∇θ)2. (54)
This is indeed a peculiar looking Lagrangian for a scalar field,
which we now analyze.
Firstly, note that in the limit in which we send the gauge
coupling to zero, we recover the standard Lagrangian of a
massless scalar field
LL→ v
2
2
θ˙2− v
2
2
(∇θ)2, as g→ 0. (55)
since the spatial derivatives in the first term of Eq. (54) for-
mally cancels out. In this Lagrangian with g→ 0 there is ob-
viously an ordinary global shift symmetry θ(x)→ θ(x)+ θ0
that is real and physical. It is associated with the existence of
a massless boson, by the Goldstone theorem.
On the other hand, for finite gauge coupling, the Lagrangian
density in Eq. (54) is rather different. Its radical departure
from that of an ordinary massless scalar arises from the cou-
pling to the gauge field and then solving and re-inserting for
A0. If we focus on low momenta, or small gradients, com-
pared to the spin 1 particle’s mass, we can Taylor expand in
|∇2|  g2 v2 = m2A as follows
LL =
v2
2m2A
[
(∇θ˙)2− (∇
2θ˙)2
m2A
+ . . .
]
− v
2
2
(∇θ)2. (56)
We now see that the Lagrangian density is trivially invariant
under θ(x)→ θ(x)+θ0 since every term is only a function of
∇θ. In fact the Lagrangian density is invariant under a much
larger set of transformations θ(x)→ θ(x)+ f (t), where f (t)
is an arbitrary function of time. Such transformations are not
physical, but are in fact pure redundancies. This is directly
connected to the above ground state wave-functional being
also only a function of ∇θ at finite gauge coupling, and be-
ing mapped into itself under a shift in θ.
VI. SPECTRUM
In fact we can understand the behavior of the longitudinal
mode much more directly by simply passing to a canonically
normalized field. We can do this in any gauge, so let us now
go back to a general gauge, and define the gauge invariant
variable
θc(x, t)≡
∫ d3k
(2pi)3
gALk(t)+ kθk(t)
ωk
e−ik·x. (57)
This new variable θc is described by the manifestly Lorentz
invariant (as it is gauge invariant) Lagrangian density
LL = v2
[
1
2
θ˙c
2− 1
2
(∇θc)2− 12g
2 v2 θ2c
]
, (58)
for any value of the gauge coupling g. It is now clear to see
that it is only in the limit in which we take g= 0 do we obtain
a physical shift symmetry θc(x)→ θc(x)+ θ0. Furthermore
from Eq. (57) we note that it is only in this limit that θc = θ.
Otherwise the canonically normalized field θc is very different
from θ. For non-zero gauge coupling, the field θc has a mass
gv. This is of course the mass of the longitudinal (and trans-
verse) modes of the massive spin 1 particle. This shows ex-
plicitly that for non-zero gauge coupling there is only a unique
8FIG. 2. A few of the low lying energy levels of the Hamiltonian.
Left is the global case with g= 0. Right is the gauge case with g 6= 0.
Note there is a one-to-one correspondence between the states in the
two cases, as indicated by the colors and the line styles. In the global
case there is degeneracy, while in the gauge case the degeneracy is
lifted.
vacuum at θc = 0. If the gauge coupling is very small, and we
focus on scales R much less than the Compton wavelength of
the particle, there is effectively a set of degenerate vacua, as
we discussed in Section IV.
The key idea then is that in the gauged-Higgs theory the de-
generacy of the global theory has been lifted, leaving a unique
vacuum. We can see a direct connection between the set of
states in the global case and the gauge case. We have illus-
trated a few of the low lying energy levels in Fig. 2. The blue
represents states of zero momentum, the red represents states
with the lowest allowed non-zero momentum k = 2pi/L, and
the green represents states of the second lowest allowed non-
zero momentum k = 4pi/L. Solid blue curve represents the
initial vacuum. Dashed represents adding a particle of zero
momentum. Dotted represents adding another particle of zero
momentum. There is a one-to-one mapping between the states
of the global and gauge cases. So it is important to note that
the reason there is only one unique vacuum in the gauge case
is not because we have simply declared all the vacua to be
equal and reduced the size of the Hilbert space by hand. In
fact the size of the Hilbert space in the two cases is in some
sense the same (we shall return to this in Section XI). It is
simply that the eigen-spectrum has been radically altered due
to interesting dynamics.
VII. CHARGES
The above analysis shows that while in the regular phase
there is a global symmetry, there is no such symmetry in the
Higgs phase; it is removed from the theory, as opposed to
being spontaneously broken. We can understand this further
by analyzing the behavior of charges in the theory.
Recall that Gauss’ law provides a boundary valued repre-
sentation of the enclosed charge in a gauge theory, namely
Qenc =
∫
V
d3x∇ ·E=
∮
S
dS ·E. (59)
In the regular phase of a gauge theory, the electric field has
a monopole piece from ordinary sources that satisfies |E| ∝
1/R2 at the boundary. This 1/R2 fall off is counter-balanced
by the area of the boundary that scales as S∝R2, to give a total
charge Qenc that is independent of R, finite, and conserved
(unless charges cross the boundary).
However, in the Higgs phase of a gauge theory, the behavior
of the electric field and charge is radically different. First we
need to check if Qenc is a conserved quantity. To address this
question, let us return to the form of Gauss’ law in the case of
the abelian Higgs model. Let us now include charged matter
to act as a source, whose contribution to the charge density
we denote ρm. Suppose the source is a classical point charge
q located at position xq; its charge density is
ρm(x) = qδ3(x−xq). (60)
In unitary gauge the local form of the Gauss’ law becomes
∇ ·E=−∇2A0−∇ · A˙=−m2AA0 +ρm, (61)
where mA = gv. For very slowly moving sources v c we
can ignore the ∇·A˙ term as it is a relativistic correction. In
this limit the solution for A0 is simple to obtain
A0(x)≈ qe
−mA|x−xq|
4pi |x−xq| , (62)
with corresponding electric field is given by
E(x,0) =
q(1+mA |x−xq|)e−mA |x−xq|
4pi |x−xq|3 (x−xq). (63)
The exponential fall off |E| ∝ e−mAR/R for R 1/mA is not
counter-balanced by the area of the boundary S ∝ R2. So we
now have a charge Qenc that depends sensitively on how close
the source is to the boundary.
As a concrete example, we take the boundary to be a sphere
of radius R centered at the origin x = 0. By integrating the
electric field over the sphere using Eq. (59) we obtain the en-
closed charge to be
Qenc =
{ qe−mA R(1+mAR)sinh(mA rq)
mA rq
, rq < R,
qe−mA rq (sinh(mAR)−mAR cosh(mAR))
mA rq
, rq > R,
(64)
(with rq ≡ |xq|), where there is a change in behavior depend-
ing on whether the point source is inside or outside the sphere.
Let us take the source to be moving very slowly away from the
origin on a straight line with constant speed v as
rq = vt. (65)
So for times 0≤ t < R/v the source is inside the sphere, then
for times t > R/v the source is outside the sphere. The cor-
responding enclosed charge is plotted in Fig. 3. For non-
zero gauge coupling mA = gv 6= 0 we obtain the solid blue
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FIG. 3. The charge Qenc enclosed by a sphere of radius R centered at
the origin as a function of time t (Qenc is in units of q and t is in units
of R/v). The source is a classical point charge q that slowly (v c)
moves radially outwards at constant speed with position rq = vt. The
three curves represent different choices for the spin 1 mass: solid
blue is mA = 10/R, solid red is mA = 2/R, and dotted green is mA = 0.
(mA = 10/R) and solid red (mA = 2/R) curves. In this case
the enclosed charge is time dependent both inside and outside
the sphere; so it is not conserved even when sources are not
crossing the boundary. For zero gauge coupling mA = gv= 0
we obtain the dotted green curve. In this case we recover the
usual result that the enclosed charge is exactly conserved, ex-
cept when crossing the boundary.
On the other hand, for non-zero gauge coupling the charge
is conserved in the limit that we send the size of the system
R→ ∞ and consider only localized sources contained within
this infinite sphere. However, although the charge becomes
conserved in this limit, it only does so in a trivial sense; the
charge itself approaches zero exponentially fast
Q→ 0, R→ ∞. (66)
Now recall that in the quantum theory, charges are the gen-
erators of symmetries
Sˆ= ei Qˆθ0 . (67)
In the regular phase, or in the zero gauge coupling case, the
charge operator is non-zero and conserved, leading to a non-
trivial symmetry operator Sˆ that acts on a generic state |ψ〉 and
usually takes it to a new state
|ψ′〉= Sˆ|ψ〉 6= |ψ〉. (68)
Although for some special states, namely states of definite
charge, it maps the state to itself (modulo a possible phase).
However, in the Higgs phase of a gauge theory, since the
charge approaches zero at large R, it annihilates all states in
the theory. Hence we have
|ψ′〉= Sˆ|ψ〉 → |ψ〉, R→ ∞, (69)
and this includes the vacuum as a special case. This again
shows that there is no SSB, as there is in fact no good sym-
metry to spontaneously break. Instead in the Higgs phase of a
gauge theory, the “symmetry” operator has become the iden-
tity operator Sˆ= Iˆ, which is a mere redundancy. (Recall from
Section IV that at finite, but large, system size R λC, the
overlap between the vacuum states |vac〉 and |vac′〉 is expo-
nentially close to 1, so the symmetry operator Sˆ is too.)
VIII. NON-ABELIAN HIGGS THEORIES
In the above sections, we considered the abelian Higgs
model for simplicity. However, the actual Higgs in the
Standard Model is a doublet under the non-abelian gauge
group SU(2). Such non-abelian theories have interesting self-
interactions between the spin 1 particles, meaning that we
can no longer analytically construct the ground state wave-
function, even in the limit in which the Higgs is taken to be
heavy, as we did earlier in Section III. Nevertheless we can
be confident that the central result of only a unique vacuum
is still true even in this more complicated context, as we now
explain.
Consider some non-abelian gauge group, such as SU(N˜) (or
SO(N˜)). We then have N˜2−1 (or N˜(N˜−1)/2) spin 1 particles,
which we label with an index a. Consistency with Lorentz
symmetry [20] (or just locality [21]) demands that these spin
1 particles must be coupled to conserved currents. Then in the
Higgs phase, these spin 1 particles acquire a mass. Suppose
we again freeze the Higgs at its VEV, and that it gives each
spin 1 particle the same mass mA, then the equation of motion
for spin 1 fields is
∂µFaµν =−g f abcAbµFcµν−m2AAaν+ Jaνm , (70)
where f abc are the structure constants and we have included a
current Jaνm associated with matter on the right hand side. Note
that if Jaνm is conserved, then we have a residual “custodial”
symmetry, which is not of importance here, as it acts trivially
on the vacuum.
By integrating the time component of Eq. (70) over all
space, we obtain a formally conserved quantity. This is one
of several color charges in the theory
Qa =
∫
d3x∇ ·Ea =
∮
dS ·Ea. (71)
Now solving for Ea from even a classical source can be
complicated due to the non-linearities in Eq. (70) from self-
interactions. However this formula for the charge tells us that
it is once again only a boundary term. Near the boundary we
expect the fields to fall towards zero. Hence in this regime
the non-linear terms can be ignored. This leads to the usual
exponential fall off of Ea with distance, i.e., we still have
|Ea| ∝ e−mAR/R for R 1/mA. This ensures that each of the
non-abelian charges is also zero in the Higgs phase. Hence
they each generate a trivial symmetry Sˆa = Iˆ, which ensures
that the vacuum is unique.
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IX. LARGE-GAUGE TRANSFORMATIONS
We would like to give a brief discussion of large-gauge
transformations (we again use the abelian case for illustrative
purposes). In this case α(x) is non-zero at spatial infinity,
but is also non constant. Following the Noether theorem, this
corresponds to a family of currents Jµ = ∂ν(αFµν). The cor-
responding charges are
Qα =
∫
d3x∇·(α(x)E) =
∮
dA · (α(x)E), (72)
where we have taken the integration volume to be infinite here
to ensure the charges are conserved. A family of conserved
charges arises from taking α(x) to be independent of radius,
but proportional to a spherical harmonic
α(x) ∝ Ylm(ϕ, ϕ˜), (73)
where (ϕ, ϕ˜) are polar angles on the 2-sphere at spatial in-
finity. There is an associated set of large-gauge symmetries
Sˆα = exp
(
i Qˆα
)
.
In the regular phase, these charges are non-zero and act
non-trivially on generic states in the theory. In particular,
these charge operators do not annihilate the vacuum (except
in the special case of constant α with l = m = 0, which is
the global symmetry.) Instead, these charges act on the vac-
uum and generate new vacuum states, leading to SSB. The
Goldstone boson is plausibly interpreted as the massless spin
1 particle itself; the photon, or gluons above the QCD phase
transition, or W1,2,3 bosons above the electroweak scale.
In the Higgs phase, the exponential fall off of the electric
field once again ensures that all these charges vanish
Qα = 0, (74)
for all spherical harmonics. (The only way to try to avoid
the vanishing of Qα would be to make α grow exponentially
at large radius to compensate. However this is not useful,
because then one cannot justify ignoring the boundary term∫
d3x∇ · Jα, leading to a non-conserved charge.) Hence all
such corresponding “symmetry” operators have become triv-
ial Sˆα = Iˆ (i.e., redundancies) in the Higgs phase, ensuring
that the vacuum is unaltered.
Hence the SSB that leads to massless spin 1 particles in
the regular phase is completely removed in the Higgs phase.
In this sense, the Higgs mechanism is the precise opposite of
SSB (for discussion in 2+1 dimensions see Ref. [22]).
X. DEFECTS
An interesting feature of SSB of global symmetries is the
existence of topological defects, such as domain walls in
the case of a spontaneously broken Z2 symmetry, or cosmic
strings in the case of a spontaneously broken U(1) symme-
try. In the gauge case, we showed above that in fact there is a
unique vacuum and no SSB, so one might wonder what is the
fate of these defects.
To address this, let us again consider the abelian Higgs
model, with no fermionic sources. We search for static so-
lutions, which readily requires A0 = 0. Since there is in fact
only a unique vacuum, we can make this manifest by operat-
ing in unitary gauge θ = 0, leaving the radial Higgs field ρ
and the massive vector A as the only degrees of freedom. The
behavior of the Higgs away from its VEV will be important
here, so we will no longer keep the Higgs frozen.
Let us search for axisymmetric solitonic solutions of the
classical field theory, namely cosmic strings. A family of so-
lutions in cylindrical co-ordinates (r,ϕ,z) is of the form
A= Aϕ(r) ϕˆ, ρ= ρ(r), (75)
where ϕˆ is a unit vector in the azimuthal direction. In this
ansatz, the energy (per unit length/radian) E ≡ E/(2piL) is
E =
∫ ∞
0
dr r
[
1
2
ρ′2 +V (ρ)+
1
2
(
A′ϕ+
Aϕ
r
)2
+
1
2
g2ρ2A2ϕ
]
.(76)
We need to introduce boundary conditions for these fields.
To obtain a cosmic string centered at r = 0, we need Aϕ to be
as divergent as possible as r→ 0. In order to avoid infinite
energy from the 3rd term in Eq. (76) we need Aϕ to have the
following special divergent behavior
Aϕ→ A0r , as r→ 0. (77)
for some constant A0. Then in order to avoid infinite energy
from the 4th term in Eq. (76) we need ρ to approach zero. Lets
parameterize its approach as
ρ→ ρ0 rn, as r→ 0, (78)
for some power n> 0 and prefactor ρ0 > 0. Furthermore, we
demand that the energy density falls off rapidly as r→ ∞ to
ensure that the total energy of the cosmic string is finite. This
requires both ρ and Aϕ to rapidly relax to the unique vacuum
ρ→ v= µ√
λ
, Aϕ→ 0, as r→ ∞. (79)
By varying the Hamiltonian, the corresponding classical
equations for the fields ρ and Aϕ are the following pair of
ODEs
ρ′′+
1
r
ρ′+µ2ρ= λρ3 +g2ρA2ϕ, (80)
A′′ϕ+
1
r
A′ϕ−
1
r2
Aϕ = g2ρ2Aϕ, (81)
where we have put all linear terms on the LHS and all non-
linear (cubic) terms on the RHS.
In the vicinity of r→ 0 we insert Eqs. (77, 78) into Eq. (80).
We see that the only way the terms can balance is that the
constant of proportionality is
A0 =
n
g
. (82)
Numerical evaluation of the above ODEs leads to the field
configuration given in Fig. 4. Importantly, we note that
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FIG. 4. The vector potential A (multiplied by a factor of ρ for conve-
nience) as a function of position in the xy-plane. The cosmic string
is coming out of the page along the z-axis. We have chosen solution
n = 1 and coupling λ = 4g2 here. We are working in unitary gauge
in which it is manifest that there is a unique vacuum at large radii
from the core of the string. Note that the field A asymptotes to zero
exponentially at large radii.
the fields ρ and Aϕ asymptote to the vacuum exponentially
quickly at large r. This is because there are only massive de-
grees of freedom, and so fields are naturally driven to the vac-
uum. This is a clear signature of having a unique vacuum. In
the global case, there are a collection of vacua, and an associ-
ated massless Goldstone boson θ that slowly relaxes towards
these vacua in different parts of space. However, in the gauge
case, there is no Goldstone mode and so the fields approach
the unique vacuum exponentially quickly. So far away from
the core of the string there is no physical activity; the magnetic
field and the energy density are exponentially small.
An important issue to consider is the value of the power
n that parameterizes this family of solutions. In this unitary
gauge it appears as though any n > 0 is a valid solution. On
the other hand, there are other gauges, such as Lorenz gauge in
which there is a phase field θ, whose value is readily found to
be θ= nϕ. Then by demanding the field φ= ρ exp(iθ)/
√
2 is
well defined around a loop, one infers that n must be an integer
[23]. While this argument is technically correct, it gives the
impression there is some physical field θ that is interpolating
between different vacua at spatial infinity. However we know
that when analyzed properly, there is only a unique vacuum
and all physical fields are exponentially small at large radii;
so this interpretation is misleading.
Instead the discreteness of n can be fully understood with-
out any appeal to multiple vacua. To do so, let us recall that
the underlying theory of a solitonic solution is a quantum me-
chanical condensate of bosons. It is well known that consis-
tency with the quantum mechanical particle description de-
mands that the magnetic flux ΦB be quantized. If we integrate
the B field over a large disk whose axis is parallel to the cos-
mic string axis, the quantum wave-function leads to
ΦB =
∫
dS ·B= 2pim
g
, (83)
where m is an integer.
Let us now compute the magnetic flux for the above classi-
cal cosmic string solution. To do so we re-write B in terms of
the vector potential A as
B= ∇×A= ∇×
(
A− n
gr
ϕˆ
)
. (84)
In the second step we have added the curl of a gradient which
is zero. This is a useful trick because this subtracts off the
singular piece of A. With only finite quantities, we are now in
a position to utilize Stoke’s theorem to re-write the magnetic
flux as a boundary line integral
ΦB =
∮
dl ·
(
A− n
gr
ϕˆ
)
. (85)
Since the vector potential relaxes to the unique vacuum Aϕ→
0 at large radius, we can ignore the first term here. The second
term is easily integrated to give
ΦB =−2ping . (86)
Comparing Eqs. (83) and (85) we learn that n = −m is an
integer.
Hence we have derived that the parameter n that appears
in the classical field string solution must be an integer in
order for the classical solution to approximate a condensate
of quantum particles. Importantly, this derivation in unitary
gauge does not rely upon any appeal to a classical phase field
that is winding around the string, nor any reference to mul-
tiple vacua. Instead there is manifestly only one unique vac-
uum and the cosmic string is simply a condensate of particles
whose behavior is restricted by the quantization of angular
momentum.
In a cosmological context, defects can emerge in a phase
transition from the regular phase to the Higgs phase. They
can comprise a significant component of the energy density of
the universe. However, as the universe expands their average
energy densities u evolve as
u(t) ∝
1
a(t)3(1+w)
, (87)
where a(t) is the scale factor, with w = −2/3 for domain
walls, w = −1/3 for cosmic strings, w = 0 for monopoles,
and w > 0 for textures. In all cases, since w > −1, the aver-
age energy density u→ 0 at late times, and the system evolves
toward the unique vacuum. So in much the same way that
matter and radiation at late times are understood as excitations
above the vacuum, defects in a gauged Higgs model, such as
cosmic strings, should be understood as excitations above the
(unique) vacuum too.
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XI. PATH INTEGRAL MEASURE
Having shown that there is a unique vacuum in a gauged
Higgs model, it is important to ascertain the correct measure
on the quantum path integral for the radial Higgs mode ρ. Let
us again illustrate the issue within the context of an abelian
Higgs model, before generalizing to the non-abelian case.
On the one hand, if we go to Coulomb gauge AL = 0, we
could use the cartesian variables for a complex Higgs field φ
and φ∗, or switch to polar variables ρ and θ. It would directly
suggest that the partition function have the form
Z =
∫
DφDφ∗DAT eiSC =
∫
DρρDθDAT eiSC , (88)
where SC is the Coulomb gauge fixed action. The integra-
tion
∫
Dρρ is a “volume” measure in the 2-dimensional scalar
field space. On the other hand, we know this Coulomb gauge
picture can be highly misleading. In particular, it gives the il-
lusion of many different vacua labelled by different values of
θ, when in fact we earlier proved that the vacuum is unique.
A way to make this manifest is to switch to unitary gauge in
which θ= 0. In this case the field theory is described by a sin-
gle scalar field ρ (along with a massive spin 1 vector). From
this point of view it seems reasonable to suppose that the par-
tition function is
Z =
∫
DρDATDAL eiSU , (89)
where SU is the unitary gauge fixed action. Here there are
no additional factors of ρ; the integration
∫
Dρ is a “line”
measure in an effective 1-dimensional scalar field space. The
additional factor of ρ that appears in the volume measure in
Eq. (88) appears to imply that one is counting many differ-
ent vacua labelled by different θ. While the line measure in
Eq. (89) arises from the idea that this volume measure fails to
take into account the redundancy of the gauge theory in the θ
direction, collapsing the effective scalar field space to a line.
It appears unclear which is the correct measure.
Here we derive the correct answer by demanding consis-
tency of the quantum theory. Let us continue to work in uni-
tary gauge θ = 0. We expand the Higgs around its VEV as
ρ= v+h, with (bare) Lagrangian density
L0 =−14FµνF
µν+
1
2
g2 v2A2µ+
1
2
(∂µh)2−λv2 h2
+g2vhA2µ+
1
2
g2 h2A2µ−λvh3−
1
4
λh4, (90)
where the quadratic terms are written on the first line and the
interaction terms are written on the second line.
To make progress we work perturbatively. Importantly, a
massive 1 particle has a peculiar form for its propagator. In
momentum space it is
Pµν(k) =−i
ηµν− kµkνg2 v2
k2−g2 v2 + iε , (91)
(with k2 = kµkµ here). What is interesting is that the longi-
tudinal mode contributes the additional term to the numera-
tor. This implies the propagator is not decreasing at high mo-
menta, but is instead constant
ηµνPµν(k)→ P∞ ≡ ig2 v2 , as k→ ∞. (92)
This leads to strong UV divergences in loop integrals, which
we now compute.
There are 3-point and 4-point interactions between the
Higgs and the spin 1 particle given by the first two terms on
the second line of Eq. (90). The Feynman rules are
= 2 ig2 vηµν,
(93)
= 2 ig2ηµν.
(94)
These interactions generate non-trivial correlation functions
involving N external Higgs particles (there are also correc-
tions from Higgs self-interactions, but such effects will not
contribute to the leading UV divergences).
Let us focus here on divergences that arise at one-loop. The
1-point amplitude for the Higgs has the contribution
iM1 =
=
1
2
(2 ig2 v)
∫ d4k
(2pi)4
ηµνPµν(k)
UV−−→−Λ
4
v
. (95)
To regulate the integral we have introduced a UV cutoff Λ,
defined by ∫ d4k
(2pi)4
= Λ4. (96)
There are sub-leading terms to the integral in Eq. (95) that are
not of direct importance here.
Similarly, it can be shown that all the higher N-point func-
tions have a leading quartic divergence too. For the 2-point
amplitude iM2 we find two contributions
+iM2 =
UV−−→ 1
2
(2 ig2)Λ4P∞+
1
2
(2 i vg2)2Λ4P2∞ =
Λ4
v2
. (97)
The 3-point amplitude iM3 also has two contributions
+iM3 =
UV−−→ 3
2
(2 ig2 v)(2 ig2)Λ4P2∞+(2 i vg
2)3Λ4P3∞ =−2
Λ4
v3
. (98)
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With similar behavior for all higher order functions. The con-
tribution to the amplitude iMN for the general N-point func-
tion is found to be
iMN
UV−−→ (−1)N(N−1)! Λ
4
vN
. (99)
In order to cancel each of these quartic divergences we need
to add a tower of counter terms to the Lagrangian density.
These must be powers of hN with appropriate coefficients to
achieve cancellation, namely
Lct =−i Λ
4
v
h+ i
Λ4
2v2
h2− i Λ
4
3v3
h3 + . . .+ i(−1)N Λ
4
N vN
hN + . . .
(100)
Note that this series sums to infinity for h < −v (while it is
absolutely convergent for |h|< v, conditionally convergent for
h = v, and can be regulated to a finite answer for h > v). So
the unitary gauge theory is telling us that ρ = v+ h > 0 for
finiteness. In this domain we can resum this tower of terms to
a logarithm
Lct =−iΛ4 ln(v+h) =−iΛ4 lnρ, (101)
(up to an irrelevant constant).
Now the physical meaning of the cutoff Λ in physical space
is that we are effectively defining the field theory on a space-
time lattice with spacing 1/Λ. So the corresponding correc-
tion to the unitary gauge action SU = S0 +Sct is
Sct =
∫
d4xLct =−i ∑
lattice
lnρ. (102)
By exponentiating and inserting this counter term into the uni-
tary gauge partition function Eq. (89), we obtain
Z =
∫
DρρDATDAL eiS0 . (103)
Hence we obtain a factor of ρ in the path integral measure in
order to ensure renormalizability. We have also checked that
this is maintained at two-loop order. This implies that indeed
the volume measure for the Higgs is correct.
This is not too surprising given that earlier in Section VI we
explained that there is a one-to-one correspondence between
the states in the global case and the gauge case. It is obvious
that in the global case we need a volume measure since we
evidently have a pair of cartesian fields, without any gauge
ambiguity to contend with. So one should anticipate there
must also be a volume measure in the gauge case, it is simply
that the degeneracy of the vacuum has been lifted in this case.
We note that this result has a simple generalization be-
yond the abelian U(1) Higgs model. If we have an SU(N˜)
(or SO(N˜)) model, with the Higgs transforming in the funda-
mental representation of SU(N˜) (or SO(N˜)), then the Higgs
multiplet is comprised of N = 2 N˜ (or N = N˜) real scalars. Of
these we can identify one as the radial Higgs field ρ, along
with the remaining N − 1 would-be Goldstones that may be
removed in unitary gauge or maintained in other gauges such
as Coulomb. In any case, the path integral measure dMρ for
the radial Higgs field ρ is found to be
dMρ ∝DρρN−1, (104)
in order for the theory to be renormalizable.
XII. APPLICATION TO COSMOLOGY
The measure in Eq. (104) has potentially interesting ram-
ifications for cosmology. Consider the Higgs of the Stan-
dard Model, which is a complex doublet, transforming in the
fundamental representation of SU(2)L×U(1)Y . Suppose the
Standard Model is valid up to very high energies. In this case
the classical potential for the Higgs V (ρ) (Eq. (8)) undergoes
significant corrections from renormalization. At one-loop the
beta-function for the Higgs self-coupling λ in the Standard
Model is well known to be (e.g., see [24])
βλ =
1
(4pi)2
[
24λ2−6∑
f
y4f +
3
8
(
2g4 +
(
g2 +g′2
)2)]
,
(105)
with βλ ≡ dλ/d lnE. Here y f are the fermion Yukawa cou-
plings, g is the SU(2)L coupling, and g′ is the U(1)Y cou-
pling. Due to the large top quark Yukawa coupling yt ∼ 1,
and using measured values for λ, g, g′, one finds βλ < 0. So
even though λ ∼ 0.1 > 0 below the electroweak scale (giv-
ing mh =
√
2λv ≈ 125 GeV) it becomes negative at much
higher energies due to this logarithmic running. This means
the renormalized potential Vren(ρ) turns over and goes nega-
tive, rendering our vacuum meta-stable. Precise renormaliza-
tion group computations at high loop order reveal that the turn
over is around E∗ ∼ 1011 GeV, or so, depending on the precise
value of parameters. This is the zero temperature result. There
are corrections at very high temperatures, which may be rel-
evant to the early universe. But within the framework of the
Standard Model, the finite temperature effective potential still
has a turn over, albeit at even higher values, and so this is still
important.
An important question then is: what is the probability that
in the very early universe the Higgs began on the favorable
side of the potential ρ < E∗ in order to relax to our elec-
troweak vacuum? If one thought the measure is a line mea-
sure dMρ ∝ Dρ, since there is gauge redundancy, one would
infer the probability is p1, where p1 is the probability of one
scalar field having an initial value < 1011 GeV (or the cor-
responding high temperature turn over value). This may be
a small probability (p1  1) during the very early universe
(perhaps near the Planck era) where typical field values may
have been Planckian∼ 1018 GeV. On the other hand, since we
proved that the correct measure is actually the volume mea-
sure dMρ ∝ DρρN−1, the correct probability for the Higgs
scales roughly as
pρ ∼ pN1 = e−N ln(1/p1), (106)
where N= 4 for the Standard Model Higgs doublet. Hence the
probability for the Higgs to have begun on the favorable side
is exponentially small in N(= 4). This rigorously justifies the
probability estimates that were used in Ref. [25] which also
addressed this issue.
14
XIII. OUTLOOK
We have rigorously shown that the ground state of a gauged
Higgs theory is unique. To do so, we showed that the overlap
between vacuum states rapidly approaches one at finite gauge
coupling in the limit in which the volume of space is taken
to infinity, leaving a unique vacuum. It is only in the limit
in which the gauge coupling is sent to zero, does one have
a small overlap and obtain multiple vacua. This counting of
ground states is the precise way of addressing the question of
whether the Higgs mechanism leads to spontaneous symme-
try breaking, which we have answered in the negative. We
showed that this is reinforced by the energy spectrum, the
structure of the canonically normalized Lagrangian, the trivi-
ality of conserved charges in the Higgs phase. We noted that
it is consistent with the existence of defects.
However, despite the presence of only a unique vacuum,
the correct measure on the quantum path integral is dMρ ∝
DρρN−1 in accord with having N− 1 would-be Goldstones.
This is a gauge independent statement, regardless of whether
they are described as scalars in Coulomb gauge, or described
more directly as longitudinal modes of massive spin 1 parti-
cles in unitary gauge. This measure on states has potential
ramifications for cosmology.
Important investigations would be to determine the proba-
bility p1 for the Higgs to begin on the favorable side of the
potential in the context of inflation, both low scale and high
scale, and eternal inflation, or other scenarios for the early uni-
verse. A much more detailed treatment of probabilities in the
early universe will be addressed in a forthcoming paper [26].
One should also consider this issue in the context of grand
unification, where one has N = 10 in SU(5) and SO(10) mod-
els, as well as string models with large gauge groups, in which
this exponential change in probability is even more extreme.
We leave these topics for future work.
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